SEPARATION OF RELATIVELY QUASICONVEX SUBGROUPS 



JASON FOX MANNING AND EDUARDO MARTINEZ-PEDRO Z A 

Abstract. Suppose that all hyperbolic groups are residually finite. The fol- 
lowing statements follow: In relatively hyperbolic groups with peripheral struc- 
tures consisting of finitely generated nilpotent subgroups, relatively quasicon- 
vex subgroups are separable; Geometrically finite subgroups of non-uniform 
lattices in rank one symmetric spaces are separable; Kleinian groups are sub- 
group separable. We also show that LERF for finite volume hyperbolic 3- 
manifolds would follow from LERF for closed hyperbolic 3— manifolds. 

The method is to reduce, via combination and filling theorems, the separa- 
bility of a relatively quasiconvex subgroup of a relatively hyperbolic group G 
to the separability of a quasiconvex subgroup of a hyperbolic quotient G. A 
result of Agol, Groves, and Manning is then applied. 



1. Main Results 

A subgroup H of a group G is called separable if for any g G G \ H there is a 
homomorphism n onto a finite group such that tt(<?) ^ ^{H). A group is called 
residually finite if the trivial subgroup is separable, and a group is called subgroup 
separable or LERF if every finitely generated subgroup is separable. For exam- 
ple, Hall showed that free groups are LERF in [T5]- It follows from a theorem of 
M al'cev [3T] that polycyclic (and in particular finitely generated nilpotent) groups 
are LERF. A group is called slender if every subgroup is finitely generated. Poly- 
cyclic groups are also slender, by a result of Hirsch [16] . 

Given a relatively hyperbolic group with peripheral structure consisting of LERF 
and slender subgroups, we study separability of relatively quasiconvex subgroups. 
This is connected, via filling constructions, to residual finiteness of hyperbolic 
groups. It is not known whether all word-hyperbolic groups are residually finite. 
Consequences of a positive or negative answer to this question have been explored 
by several authors; see for example HH [2Ql EH EH [29]. In particular, the main 
result of E] is the following. 

Theorem 1.1. E] If all hyperbolic groups are residually finite, then every quasi- 
convex subgroup of a hyperbolic group is separable. 

We extend this result, answering a question in E], as follows: 

Theorem 1.2. Suppose that all hyperbolic groups are residually finite. If G is a 
torsion free relatively hyperbolic group with peripheral structure consisting of sub- 
groups which are LERF and slender, then any relatively quasiconvex subgroup of G 
is separable. 

This extension has some interesting corollaries. A pinched Hadamard manifold is 
a simply connected Riemannian manifold with pinched negative curvature. In [5], 
Bowditch gave several equivalent definitions of geometrical finiteness for discrete 
subgroups of the isometry group of a pinched Hadamard manifold, generalizing the 
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notion of geometrical finiteness in Kleinian groups. The next theorem summarizes 
some useful facts about these groups. (Statement ([I]) can be found in jT3] or [5J; 
statement ^ follows from the Margulis lemma; and statement ([3]) is PZ8 , Corollary 
1.3].) 

Theorem 1.3. [131 1181 IS] Let X be a pinched Hadamard manifold and let G be a 
geometrically finite subgroup of Isom(X). 

(1) G is relatively hyperbolic, relative to a collection of representatives of con- 
jugacy classes of maximal parabolic subgroups. 

(2) Maximal parabolic subgroups of G are virtually nilpotent. 

(3) A subgroup H of G is relatively quasiconvex if and only if H is geometrically 
finite. 

Rank one symmetric spaces are pinched Hadamard manifolds. We therefore have 
the following corollary of Theorem |1.2| 



Corollary 1.4. Suppose that all hyperbolic groups are residually finite. Let G be a 
discrete, geometrically finite subgroup of the isometry group of a rank one symmetric 
space. (For example, G could be a lattice.) All the geometrically finite subgroups of 
G are separable. 

In case the symmetric space is H 3 , more can be said (see Section[5]for the proof). 

Corollary 1.5. If all hyperbolic groups are residually finite, then all finitely gen- 
erated Kleinian groups are LERF. 



Briefly, Theorem |1.2| is proved by combining one of Martinez- Pedroza's combi- 
nation theorems in [55] with Theorem 1 1 . 1 1 and the Dehn filling technique of [T4"ll27] . 
We next give a more detailed discussion. 

Definition 1.6. A relatively quasiconvex subgroup H of G is called fully quasi- 
convex if for any subgroup P E V and any / 6 G, either H n P' is finite or H n P* 
is a finite index subgroup of P' . (Here P* = fPf^ 1 .) 

Using the work in [2~5] . we show the following. 

Theorem 1.7. Let G be a group hyperbolic relative to a collection of slender and 
LERF subgroups. Suppose that Q is a relatively quasiconvex subgroup of G and g is 
an element of G not in Q. Then there exists a fully quasiconvex subgroup H which 
contains Q and does not contain g. 

Remark 1.8. In case G is a finite volume hyperbolic 3-manifold group and Q 
is the fundamental group of a quasi-fuchsian surface, Theorem |1.7| can be proved 
using geometric arguments like those in [TOl QT] . Such geometric arguments were 
applied (in a different way) to separability questions in [3] (cf. [30]). 



Using the work in [2] and Theorem 1.7 we prove the following separation result 



of relatively quasiconvex subgroups by maps onto word hyperbolic groups. (A 
part of this theorem can be interpreted as saying that G is "quasiconvex extended 
residually hyperbolic".) 

Theorem 1.9. Let G be a torsion free group hyperbolic relative to a collection of 
slender and LERF subgroups. For any relatively quasiconvex subgroup Q of G and 
any element g € G such that g £ Q, there is a fully quasiconvex subgroup H of G, 
and a surjective homomorphism ir : G — > G such that 
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(1) Q<H, 

(2) G is a word-hyperbolic group, 

(3) tt(H) is a quasiconvex subgroup of G, 

(4) n(g)?n(H). 



We can prove Theorem 1.2 from Theorem 1.9 as follows 



Proof of Theorem \l.S\ Let Q < G be relatively quasiconvex, and let g € G\ Q. By 
Theorem |1.9| there is a fully quasiconvex H < G containing Q but not g, and a 
quotient it : G — > K so that 7r(<?) ^ ir(H), K is hyperbolic, and tt(K) is quasiconvex. 

Assuming all hyperbolic groups are residually finite, Theorem |1.1| implies that 
there is a finite group F and a quotient 4>: K — >• F so that (f>(ir(g)) ^ <fi(ir(H)). 
Since 4>(tt(H)) contains 4>(n(Q)), the map o 7r serves to separate g from Q. □ 



Remark 1.10. The torsion-free hypotheses in Theorems 1 1 . 9| and 1 1 . 2 1 arc not really 
necessary. We sketch the necessary changes to our argument in Appendix [B] If 
one is primarily interested in Theorem |1. 2 1 in the special case of virtually polycyclic 
peripheral subgroups, we have the following simple argument, pointed out to us by 
the referee: 

Let G be a relatively hyperbolic group, relative to a collection V = {Pi, . . . , P m } 
of virtually polycyclic subgroups. An easy argument shows that each Pi contains 
a finite index normal subgroup which is torsion free. Moreover, G contains only 
finitely many finite order non-parabolic elements, up to conjugacy [26, Theorem 
4.2]. It then follows from Osin's version of the relatively hyperbolic Dehn filling 
theorem that there is a filling G A G(N{, . . . , N^), so that G{N[, . . . , N' m ) is 
hyperbolic, and no non-trivial torsion element of G is in the kernel of 7r. Assuming 
hyperbolic groups are residually finite, the group G(N[, . . . , N' m ) has a torsion-free 
subgroup S of finite index. The preimage Go = tt^ 1 (S) is a torsion-free finite index 
subgroup of G. Again under the assumption that hyperbolic groups are residually 



finite, Theorem 1.2 implies that Go is QCERF, and so (applying Corollary 2.2 



below) G must also be QCERF. 

The paper is organized as follows. In Sect ion [23] we give a definition of relatively 
hyperbolic group which suits the purposes of this paper and is equivalent to the 
more standard definitions in the literature. In Section [3] we recall a combination 
theorem for relatively quasiconvex subgroups from |22j and prove Theorem |1.7| In 
Section [3] we recall some definitions and results on fillings of relatively hyperbolic 
groups and prove Theorem |1.9| In Section [5] we give two applications to separa- 
bility questions on hyperbolic 3-manifolds: Corollary |1.5| and Proposition |5.3| In 
Appendix |XJ we prove a result we need on the equivalence of various definitions of 
relative quasiconvexity, and in Appendix [Bj we sketch how to prove our results in 
the presence of torsion. 



2. Preliminaries 

2.1. Separability. Let G be a group. Recall that the profinite topology on G is 
the smallest topology on G in which all finite index subgroups and their cosets are 
closed. The group G is residually finite if and only if this topology is Hausdorff. A 
subgroup H is separable if and only if it is a closed subset of G, with this topology. 

Given a subgroup Go < G, one can ask whether the profinite topology on Go 
coincides with the topology induced by the profinite topology on G. In general, the 
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topologies are quite different, but in case Go is finite index, the topologies coincide. 
In particular, we have: 

Lemma 2.2. Let Gq < G be a finite index subgroup, and let Go C Go- The 
following conditions are equivalent: 

(1) Go is closed in the profinite topology on Gq. 

(2) Go is closed in the profinite topology on G. 

(3) Go = Gn Go for some set C which is closed in the profinite topology on G. 

Proof. Suppose Go is closed in Go- Since the finite index subgroups of Go and their 
cosets generate the topology on Go, we can write Go as a finite union of arbitrary 
intersections of cosets 

n 

(1) Co=UH 9iKi 

i—1 i&Ij 

where every Ki is a finite index subgroup of Go- But since Go is finite index in 
G, each of the Ki appearing in equation ([lj is also finite index in G. This Go is a 
finite union of intersections of closed sets in the profinite topology on G, so Go is 
closed in G. Thus condition ([I]) implies condition 

Trivially, condition |2]) implies condition To see that condition ^ implies 
condition ([I]), we first establish the following. 

Claim 2.3. If g <E G, and K < G is finite index, then gK n Go is closed in the 
profinite topology on Gq. 

Proof. Let Kq — K DGq. Since Kq is finite index in K, the subgroup K is a finite 
union of cosets K = Uf =1 5iifo, and so gK — U^ =1 ggiKQ is as well. Since a coset 
of Kq in G either lies inside Go or in its complement, it follows that gK n Go is a 
finite union of cosets of Kq in Go- Since Kq is finite index in Go, these cosets are 
closed in the profinite topology on Go and therefore gK n Gq is closed as well. □ 

Suppose then that G = GflG for G closed in G. We have G = U"=i Die/ 9%K% 
where now the Ki are arbitrary finite index subgroups of G, and the gi are arbitrary 
elements of G. We thus have 

n 

(2) Go = G n Go - (J fl (9iKi) fl Gq. 

i—1 i£lj 

By the claim, every (giKi) n Go appearing in equation ([2| is closed in Go, and so 
Go is also closed in the profinite topology on Go- □ 

Corollary 2.4. Let H < G be a pair of groups, and let Gq be a finite index subgroup 
of G. Let Hq = H [~l Go- The subgroup H is separable in G if and only if Hq is 
separable in Gq. 

Another immediate corollary is that LERFness and QCERFness are commensu- 
rability invariants. 

2.5. Relative hyperbolicity. The notion of relative hyperbolicity has been stud- 
ied by several authors with different equivalent definitions. The definition in this 
subsection is based on the work by D. Osin in [26]. Let G be a group, V denote 
a collection of subgroups {Pi, . . . , P m }, and S be a finite generating set which is 
assumed to be symmetric, i.e, S = S^ 1 . Denote by T(G,V,S) the Cayley graph 
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of G with respect to the generating set S U IJP. If p is a path between vertices in 
r(G,P , S), we will refer to its initial vertex as p_, and its terminal vertex as p + . 
The path p determines a word Label(p) in the alphabet S U [J P which represents 
an element g so that p + = p~g. 

Definition 2.6 (Weak Relative Hyperbolicity) . The pair (G, P) is weakly relatively 
hyperbolic if there is an integer 5 > such that r(G, P, S) is ^-hyperbolic. We may 
also say that G is weakly relatively hyperbolic, relative to P. 

Definition 2.7 ( Let q be a combinatorial path in the Cayley graph r(G, P, S). 

Sub-paths of q with at least one edge are called non-trivial. For Pi G P, a Pi- 
component of q is a maximal non-trivial sub-path s of q with Label(s) a word 
in the alphabet P^. When we don't need to specify the index i, we will refer to 
P^-components as V -components. 

Two P-components si, S2 are connected if the vertices of si and S2 belong to 
the same left coset of Pi for some i. A P-component s of g is isolated if it is not 
connected to a different P-component of q. The path q is without backtracking if 
every P-component of is isolated. 

A vertex v of q is called phase if it is not an interior vertex of a P-component 
s of q. Let p and q be paths between vertices in T(G, P, S 1 ). The paths p and g are 
k -similar if 

max{<iisis(p_, dists(p+, q+)} < 

where dists is the metric induced by the finite generating set S (as opposed to the 
metric in T(G,P,S)). 

Remark 2.8. A geodesic path q in r(G,P,S') is without backtracking, all P- 
components of q consist of a single edge, and all vertices of q are phase. 

Definition 2.9 (Bounded Coset Penetration (BCP)). The pair (G,P) satisfies the 
BCP property if for any A > 1, c > 0, k > 0, there exists an integer e(A, c, k) > 
such that for p and g any two fc-similar (A, c)-quasi-geodesics in T(G, P, S 1 ) without 
backtracking, the following conditions hold: 

(i.) The sets of phase vertices of p and q are contained in the closed e(A, c, fc)- 

neighborhoods of each other, with respect to the metric dists- 
(ii.) If s is any P-component of p such that dists(s-,s + ) > e(A, c, fc), then there 

exists a P-component t of q which is connected to s. 
(iii.) If s and t are connected P-components of p and g respectively, then 

max{dists{s-.,t-) 7 dists{s+,t + )} < e(X,c,k). 

Remark 2.10. Our definition of the BCP property corresponds to the conclusion 
of Theorem 3.23 in [2B]. 

Definition 2.11 (Relative Hyperbolicity). The pair (G, P) is relatively hyperbolic 
if the group G is weakly relatively hyperbolic relative to P and the pair (G,P) 
satisfies the Bounded Coset Penetration property. If (G, P) is relatively hyperbolic 
then we say G is relatively hyperbolic, relative to P; if there is no ambiguity, we 
just say that G is relatively hyperbolic. 



Remark 2.12. Definition 2.11 given here is equivalent to Osin's [26l Definition 
2.35] for finitely generated groups: To see that Osin's definition implies 2.11 apply 
[2"6l Theorems 3.23]; to see that 2.11 implies Osin's definition, apply |26l Lemma 
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7.9 and Theorem 7.10]. For the equivalence of Osin's definition and the various 
other definitions of relative hyperbolicity see |18) and the references therein. 

The definition of relative hyperbolicity is independent of finite generating set S. 

3. Combination of Parabolic and quasiconvex Subgroups 

In this section, G will be relatively hyperbolic, relative to a finite collection of 
subgroups V, and S will be a finite generating set for G. Denote by T(G,V, S) the 
Cay ley graph of G with respect to the generating set S U [jV. 

3.1. Parabolic and Quasiconvex Subgroups. 

Definition 3.2. The peripheral subgroups of G are the elements of V . A subgroup 
of G is called parabolic if it can be conjugated into a peripheral subgroup. 

Proposition 3.3. [551 Proposition 2.36] The following conditions hold. 

(1) For any gi, gi £ G, the intersection Pf 1 D P® 2 is finite unless i — j . 

(2) The intersection P? n Pi is finite for any g ^ Pi. 

In particular, if Q is a subgroup of G, then any infinite maximal parabolic subgroup 
of Q is of the form Q n P( for some f £ Q and Pi £ V . 

Definition 3.4. [551 Definition 4.9] A subgroup Q of G is called quasiconvex relative 
to V (or simply relatively quasiconvex when the collection V is fixed) if there exists 
a constant a > such that the following holds: Let /, g be two elements of Q, and 
p an arbitrary geodesic path from / to g in the Cayley graph T(G,'P, S). For any 
vertex v £ p, there exists a vertex w £ Q such that dist${v, w) < a, where distg is 
the word metric induced by S. 

Remark 3.5. For more on different definitions of relative quasiconvexity in the 
literature, see Appendix \K\ 

Theorem 3.6. jTSJ Theorem 9.1] Let Q be a finitely generated relatively quasicon- 
vex subgroup of G. The number of infinite maximal parabolic subgroups of Q up 
to conjugacy in Q is finite. Furthermore, if O is a set of representatives of these 
conjugacy classes, then Q is relatively hyperbolic, relative to O. 

Remark 3.7. In [TH], an extended definition of relative hyperbolicity is used which 
includes some countable but non-finitely generated groups. Using this extended 
definition, the assumption of finite generation in Theorem |3.6| is superfluous. 

We note that in case all the peripheral subgroups are slender, relatively quasi- 
convex subgroups are necessarily finitely generated (see [TH1 Corollary 9.2]). 

3.8. Combination of Quasiconvex Subgroups. For g £ G, \g\s denotes the 
distance from g to the identity element in the word metric induced by S. 

Theorem 3.9. [221 Theorem 1.1] Let Q be a relatively quasiconvex subgroup of G, 
and let P be a maximal parabolic subgroup of G. Suppose that P* — Pi for some 
PiEV and f EG. 

There are constants C — C{Q,P) > and c = c(Q,P) > with the following 
property. Suppose D > C and R is a subgroup of P such that 

• P n Q < R, and 

• \g\s > D for any element g £ R\Q. 
It follows that: 
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(1) The subgroup H = {Q U R) is relatively quasiconvex and the natural map 
Q *QnR R — ► H is an isomorphism. 

(2) Every parabolic subgroup of H is conjugate in H to a parabolic subgroup of 
Q or R. 

(3) For any g £ H , either g £ Q, or any geodesic from 1 to g in the relative 
Cayley graph Y{G,V, S) has at least one Pi-component t such that \t\s > 
D-c. 

Proof. Conclusions ([I]) and ([2| rephrase [223 Theorem 1.1]. The proof of conclu- 
sion ([3| is divided into two cases: P £ V and P V . 

Case 1. PeP. 

We summarize part of the argument for [22j Theorem 1.1] for conclusions ([!]) 
and we then explain how conclusion ^ follows in this case. 
Let g £ Q *qdr R\Q. The element g has a normal form 

(3) g = gihi . . . g k h k 

where gj £ Q \ Q n R for 1 < j < k, hj £ R \ Q n R for 1 < j < k, either 31 = 1 
or gi £ Q \ Q n R, and either hk = 1 or hk £ R \ Q D R. We use the normal 
form to produce a path o in T(G,V 1 S) from 1 to the image of g by the natural 
map Q *QnR R — > H as follows. For each j between 1 and k, let Uj be a geodesic 
path in T{G 1 V, S) from g\h\ ■ ■ ■ hj to gih\ ■ ■ ■ hjgj (so that Label(wj) represents 
gj). Similarly, let Vj be a geodesic path from g\h\ ■ ■ ■ gj-i to g±hi ■ ■ ■ gj^ihj (so 
that Label(wj) represents hj). A path o from 1 to g in T(G,V,S) is given by 

o = mvi . . . u k v k - 

(See Figure [TJ) 



T(G,V,S) 




Figure 1. Part of the polygonal path o in T(G,P, S). For each 
i, the Pi-component of o containing the subsegment Vj is long 
with respect to the S'-metric. This implies that the path o is a 
quasi-geodesic with different end-points. 

Each subsegment Vj is part of a P-component tj of the path o. Let D be as in 
the hypothesis of the theorem. The penultimate inequality in the proof of Claim 2 
in the proof of Lemma 5.1 of [22] is 

(4) \tj\ s = dist s ((tj).,{t j ) + ) >D-2M(P,Q,a), 

where a is the quasiconvexity constant for Q, and M{P, Q,o~) is the constant pro- 
vided by [22} Lemma 4.2] for the subgroups Q, P, and the constant a. Let 77 be 



8 



J. F. MANNING AND E. MARTTNEZ-PEDROZA 



the constant from Proposition 3.1 of [22]. If D — 2M(P,Q,a) > ?y, then o is a 
(A, 0)-quasi-geodesic with distinct endpoints. Let C = i] + 2M(P, Q, a). 

It follows from the argument just sketched that if D > C, then the natural map 
Q *QnR R — ► H is an isomorphism. It can further be shown that H is a relatively 
quasiconvex subgroup and that the parabolic subgroups of H are conjugate into Q 
or R by elements of H (See (22j Lemmas 5.2 and 5. 3] for details.). In other words, 
parts ([!]) and ^ hold for P £ V and C as above. 

If g £ H\Q and p is a geodesic from 1 to g in T(G,V, S), then the (A, (^-quasi- 
geodesic o and the geodesic p are 0-similar. Since o has a P-component of 5-length 
at least D — 2M(P, Q, a), the Bounded Coset Penetration property (Definition 2.9) 
implies that p has a P -component of S'-length at least D — 2M(P, Q, <r) — 2e(0, A, 0). 
We have verified ([3| of the Theorem for c equal to 

c(Q, P) = 2M(P, Q, a) + 2e(0, A, 0) 

in the special case that / = 1 and P E V . 

Case 2. P $ V, but P f e V for some / G G\ P. 

Since P* € and is relati vely quasiconvex, by [221 Theorem 1.1] and Case[lj 
all three conclusions of Theorem 3.9 hold for and P? and some constants C — 
C{Q f ,P f ) > and c' = c(Q / ,P^)> 0. Define 

C = C'+2|/| s + 3e(l,0,|/| s ), 

and 

c = C '+2|/| s + 2e(l,0,|/| s ), 
where e(l, 0, \ f\s) is the constant of Definition 2.9 on the Bounded Coset Penetra- 
tion property. Now we show that the theorem holds for the subgroups P and Q, 
and the constants C and c. Let R be a subgroup of Q satisfying the hypothesis of 
the theorem for a constant D > C. 

If r € R\Q, then |r|s > D, by hypothesis. It follows that 

\r f \s>D-2\f\ s >C', 

We therefore have: 

(1) The subgroup Hf = (Q / Ui? / ) is relatively quasiconvex and the natural map 
Qf *(Qnfl)/ — ► is an isomorphism. Since relative quasiconvexity is 
preserved by conjugation, H = (QU R) is relatively quasiconvex. Obviously 
the map Q*Qr\R.R — ► H is also an isomorphism. In other words, conclusion 
([!]) holds for Q and P and the constant C. 

(2) Every parabolic subgroup of is conjugate in to a parabolic subgroup 
of Qf or i?-^. Parabolicity is preserved under conjugation, so the same 
property (conclusion ^ of the theorem) holds for the subgroups Q, R, and 
H, and the constant C. 

(3) For any h £ H' , either h £ Q* , or any geodesic from 1 to h in the relative 
Cayley graph T(G,V,S) has at least one Pj-component t such that \t\s > 
D-2\f\ s -c'. 

It remains to see why conclusion Q of the Theorem holds with the chosen 
constant c. Let g £ H\Q and let p be a geodesic from 1 to g in T(G, V, S). We 
must show that p has a P^-component of 5-length at least D — c. Let q be a 
geodesic from 1 to fgf^ 1 . Since fgf^ 1 belongs to W \ , the geodesic q has a 
Pi-component u of S'-length at least D — 2\f\ s — c' . Let r be the geodesic starting 
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at /, with the same label as p. Thus r joins / to fg, and the geodesies q and r are 
|/|s-similar (see Figure [2]). By the Bounded Coset Penetration property, r has a 



T(G,V,S) 



f 




Figure 2. The geodesies q and r are |/|s-similar and q contains 
a large P-component u. By the BCP-property, r has a large V— 
component v. Since p and r have the same word-label, p has a 
large P-component w. 



Pi-component v of S'-length at least 

D-2|/| s -c'-2e(l,0,|/| s ) 



D 



Since p = f r and r have the same labels, it follows that p has a Pj-component 
w of 5-length at least D — c. 

□ 

Corollary 3.10. [121 Lemma 5.4] Suppose that G, Q, P, and R are as in the 



hypothesis of Theorem 3.9 and that Q l~l P is a proper subgroup of R. 

If {K\, . . . , K n } is a collection of representatives of the maximal infinite parabolic 
subgroups of Q up to conjugacy in Q so that K\ = P n Q, then {R, K2, ■ ■ ■ , K n } 
is a collection of representatives of the maximal parabolic subgroups of H up to 
conjugacy in H . 

Proof. By Theorem |3.9| a maximal parabolic subgroup of H is conjugate to R 
or Ki for some i = 2, . . . n. Hence {R, K2, ■ . ■ , K n } is a collection of representatives 
of maximal parabolic subgroups. That all these subgroups are different up to 
conjugacy follows from the algebraic structure of H as an amalgamated product. 
In particular, since Ki and Kj are not conjugate in Q, they are not conjugate in 
Q *qdr R- The subgroup R < Q *Qnn R is not conjugate to a subgroup of Q since 
Q fl R is a proper subgroup of R. □ 
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Proof of Theorem \l.'l\ Suppose that every subgroup in V is LERF and slender. Let 
Q be a relatively quasiconvex subgroup of G and let g be an element of G not in Q. 
Let {K\, . . . , K n } be a collection of representatives of maximal infinite parabolic 



subgroups of Q up to conjugacy in Q; such a collection exists by Theorem 3.6 By 



Proposition 3.3 for each K~i there is a peripheral subgroup Pi e ? and fi G G such 
that K t < Pj*7 

We will construct an ascending sequence of relatively quasiconvex subgroups 

Q = Qo < Qi < ■ ■ ■ < Qn = H 

such that for each k G {1, . . . , n} the following properties hold. 

f ■ f ■ 

(1) For < j < k, the subgroup Qk fl Pj is finite index in P. . 

(2) {Qk n P/ 1 , . . . , Qfe n P/ fc , i^fe+i, . . . , i^ n } is a collection of representatives of 
the maximal parabolic subgroups of Qk up to conjugation in Qk- 

(3) g •/ Qk • 

It will follow that H = Q n is a fully quasiconvex subgroup which contains Q and 
does not contain the element g. 

Choose a geodesic p from 1 to g in the relative Cayley graph T(G, V, S). Let L 
be an upper bound for the S-length of the P& -components of the path p. 

We now show how to construct Qk, assuming that Qk-i has already been con- 
structed. Let C and c be the constants provided by Theorem [3^9] for the subgroups 



Qk-i and P[ h . Since P[ h is slender, Kk = Qk-i H P[ h is finitely generated. Define 
a finite set F C P/ fc \ Kfc by 



P = 



{p G P/ fc \ X fc | |p|s < X + C + c} U {. 9 } if g G P/ fc 
{p G P/" \ JsTfe | b|s <L + C + c} otherwise. 



Because P[ h P fc is LERF, we may find a finite index subgroup Rk of P^ fe satisfying 

• K k < Rk, and 

• f £ Rk for all / G P. 

In particular, \h\ s > L + C + c for any h £ Rk\Qk-i- Let Qk — (Qk-i U Pfe)- Note 
that the hypotheses of the combination Theorem|3.9| (and hence those of Corollary 



3.10) are satisfied for the relatively quasiconvex subgroup Qk-i and the parabolic 
subgroup Rk- 

We now verify properties ([l])-([3]) for the subgroup Qk just constructed. Property 
([lj follows from the fact that Qk contains Qj n Pj J for each j between 1 and k — 1, 
and also contains Pfe. Corollary 3.10 implies that property ([2| is satisfied. By 



Theorem |3.9p j) any geodesic in the Cayley graph T(G,S U \JV) from 1 to an 
element of element of Qk which is not in Qk-i U Rk has a Pk -component of S— 
length greater than L + C; it follows that the element g does not belong to Qk, and 
so property ^ is also satisfied. This concludes the construction of the group Qk, 
and the theorem follows by taking H = Q n . □ 



4. Fillings of Relatively Hyperbolic Groups 

Let G be torsion free and relatively hyperbolic, relative to a collection of sub- 
groups V = {Pi, ... , P m }, and let S C G be a finite generating set of G. Suppose 
that S n Pi is a generating set of Pj for each i. 
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Definition 4.1. A filling of G is determined by a collection of subgroups {Ni}^L 1 
such that for each i, N t is a normal subgroup of Pi\ these subgroups are called 
filling kernels. The quotient of G by the normal subgroup generated by U*=i ' s 
denoted by G(Ni, . . . , N m ). 

The following result is due (in the present setting) independently to Groves and 
Manning [TJJ Theorem 7.2 and Corollary 9.7] and to Osin [371 Theorem 1.1]. (Osin 
actually proves a more general result, in which G may have torsion.) 

Theorem 4.2. [T41, |2"T] Let F be a finite subset of G. There exists a constant B 
depending on G, V , S, and F with the following property. If a collection of filling 
kernels {A^}™ 1 satisfies \f\s > B for every nontrivial f £ UjiVj, then 

(1) the natural map %i : Pi/Ni — > G(N±, . . . ,N m ) is injective, 

(2) G(7Vi, . . . , N m ) is relatively hyperbolic relative to {ii(Pi/Ni)}^L 1; and 

(3) the projection G — > G(Ni, . . . , N m ) is injective on F. 

4.3. Fillings and Quasiconvex Subgroups. Let H be a. relatively quasiconvex 
subgroup of G. A filling G — > G(N\, . . . , N m ) is an H -filling if whenever H n Pf 
is non-trivial, Nf C Pf C\ H . 

Theorem 4.4. [2, Propositions 4.3 and 4.5] Let H < G be a finitely generated 
relatively quasiconvex subgroup and g £ G \ H . There is a finite subset F C G 
depending on H and g with the following property. 

If 7r: G — > G(Ni, . . . ,N m ) is an H -filling which is injective on F, then tt(H) 
is a relatively quasiconvex subgroup of G(N\, . . . , N m ), and n(g) ^ -k(H). 

Remark 4.5. Propositions 4.3 and 4.5 in [5] use a different definition of relative 
quasiconvexity than the one we use here. In particular, their definition requires the 
subgroup to be finitely generated. We show in Appendix [A] (specifically Corollary 



A. 11 ), that the definition used in [2] is equivalent to the one we use here under the 
assumption that the subgroup is finitely generated. 

Proof of Theorem \1.9\ Suppose that every subgroup in V is LERF and slender. Let 
Q be a relatively quasiconvex subgroup of G and let g be an element of G not in 
Q. By Theorem 1 1.7| there is a fully quasiconvex subgroup H which contains Q and 
does not contain g. We must choose filling kernels {Ni]YLi such that 7r: G — ► 
G(Ni, . . . , N m ) is an iJ-filling, G(N 1; . . . , N m ) is a word hyperbolic group, n(H) is 
a quasiconvex subgroup, and ir(g) $ k(H). 



By Theorem 3.6 there is a collection {K\, . . . , K n } of representatives of the 
infinite maximal parabolic subgroups of H up to conjugacy in H . For each r £ 
{1, . . . , n} there is an integer i r £ {1, . . . , m} and an element f r £ G such that 
is a finite index subgroup of Pj r . The index i r is determined by r, but there 
may be many distinct f r with this property. On the other hand, there will be only 
finitely many conjugates Ki 9 in Pj r . Let I r be the intersection of these conjugates; 
the group I r is a finite index normal subgroup of P ir . For i £ {1, . . . , m} define the 
subgroup Mi of Pi as 

f Pi if {r \i r = z} = 

Mi = I 

{ HUr I V = if {r I V = i} ^ • 
Put another way, if some conjugate of H intersects Pi nontrivially, 

Mi = f]{K r 9 | K r B C\P^ {1}, re{l,...,n], and g £ G}. 
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In other words, Mi is the intersection of Pj with all the K r 9 which lie in Pj. Because 
Mi is a finite intersection of finite index normal subgroups of Pi, Mi is a finite index 
normal subgroup of Pj. From the definition, Mj < K r s whenever r € {r \ i r = i} 
and K r 9 < P. 



By Theorem 4.4 there is a finite subset F C G such that if ir: G — > G is 
any P-filling which is injective on F, then n(g) tt(H) and n(H) is relatively 
quasiconvex. Let B > be the constant from Theorem |4.2| applied to this finite 
subset F. 

Since each Pj is residually finite, there is some finite index Ni < Pj so that 
|p|s > P for all p e Ni \ {1}. Let Ni = Ni H Mj. Since iVj is an intersection of 
two finite index normal subgroups of Pj, iVj is a finite index normal subgroup of 
Pj. Moreover, |f>|s > P for every p £ N\ {1}. 

Lemma 4.6. G —> G(Ni, . . . , Wn) is an H -filling. 

Proof. Let Pi e P, / £ G, and suppose that H D P/ ^ {1}. We must show that 
N/ < H. Obviously it suffices to show that M/ < H. Since G is torsion free, 
H n P/ is infinite and P n Pj = K r h for some h e H. The group 

M,' = f]{K r 9 | X/ n Pi f ? {1}, r € {1, . • • , n}, and g € G} 
must therefore be contained in H n Pj^, and thus in P. □ 

We now claim the subgroup H < G and the filling G — > G := G(N%, . . . , iV m ) 
satisfy the conclusions of Theorem 1.9 Indeed, conclusion ([T]) of Theorem |1.9| is 



satisfied by construction. By Theorem |L2j([2j), the quotient G is hyperbolic relative 
to a collection of finite groups, henc e G is hyperbolic. Conclusion ([2| is t hus 



established. According to Lemma 4.6 G — > G is an P-filling. By Theorem |4.2|(|3|, 



G — > G is injective on P. Since the peripheral subgroups are slender, H is finitely 



generated [T51 Corollary 9.2]. We therefore may apply Theorem 4.4 to obtain 
conclusions ^ and Q of Theorem 1.9 Having established all the conclusions, we 



have proved the theorem. □ 

5. Applications to 3-manifolds 

5.1. Kleinian groups. Recall that a Kleinian group is a discrete subgroup of 
Isom(H 3 ), the group of isometries of hyperbolic 3-space. In this subsection we 
show that if all hyperbolic groups are residually finite, then all finitely generated 
Kleinian groups are LERF. 

Proof of Corollary \1.5\ By Selberg's lemma [3], every finitely generated Kleinian 
group contains a torsion-free subgroup of finite-index. Applying Corollary |2.4| it 
suffices to consider torsion-free Kleinian groups. Let G be a torsion-free Kleinian 
group and let H < G be a finitely generated subgroup. There are two cases: 

Case 1. H 3 /c7 has finite volume. 

Either H is geometrically finite or not. Suppose first that H is not geometrically 
finite. By a result of Canary [51 Corollary 8.3] together with the positive solution 
to the Tameness Conjecture [U H], H must be a virtual fiber subgroup of G. This 
implies that there is a finite index subgroup of Go < G whose intersection Hq with 
H is normal in Go, and so that Gq/H = Z. The group H a is obviously separable 
in G , so H is separable in G by Corollary |2.4| 
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If H is geometrically finite, then it is relatively quasiconvex, by Theorem |I.3[ 
and we may apply Theorem |1.2| 



Case 2. H 3 /G has infinite volume. 

In this case it follows from the Scott core theorem and Thurston's geometrization 
theorem for Haken manifolds that G is isomorphic to a geometrically finite Kleinian 
group G' (see, for example, [23 Theorem 4.10]). If H' is the image of H in G' then 
obviously H is separable in G if and only if H' is separable in G' . We therefore 
may as well assume that G is geometrically finite to begin with. 

Since G is geometrically finite and infinite covolume, every finitely generated 
subgroup of G is geometrically finite by an argument of Thurston (see [25j Proposi- 
tion 7.1] or [33J Theorem 3.11] for a proof). In particular, H is geometrically finite, 
so Theorem |1 . 3| implies that H is a relatively quasiconvex subgroup of G. To finish, 



we apply Theorem 1.2 again. □ 



5.2. Subgroup separability in finite volume 3 manifolds. Here we prove that 
if compact hyperbolic 3-manifold groups are QCERF then finite volume hyperbolic 
3-manifold groups are LERF. 

Proposition 5.3. If all fundamental groups of compact hyperbolic 3-manifolds are 
QCERF, then all fundamental groups of finite volume hyperbolic 3-orbifolds are 
LERF. 

Proof. Let G = tti(M), where M is some finite volume hyperbolic 3-orbifold. Ap- 
plying Corollary |2.4[ we may pass to a finite cover and assume that M is an ori- 
entable manifold. It follows that G is relatively hyperbolic, relative to some finite 
collection V = {Pi, . . . , P m } of subgroups, each of which is isomorphic to Z © Z. 

Now suppose Q < G is some finitely generated subgroup. We must show that Q 
is separable. If Q is geometrically infinite, then we argue as we did in the proof of 



1.5 that Q is the fundamental group of a virtual fiber, and thus separable. We may 
thus suppose that Q is geometrically finite, and therefore a relatively quasiconvex 
subgroup of G. 



Let g £ G\Q. We then apply Theorem 1.7 to enlarge Q to a fully quasiconvex 



subgroup H not containing g. Let F c G be the finite set obtained by applying 



Theorem L4 to G, H, and g. Let B\ be the constant from Theorem |4.2| applied 
to G and F, with respect to some generating set S for G. We will choose a cyclic 
filling kernel Ni < Pi for each Pj £ V . The Hyperbolic Dehn Surgery Theorem of 
Thurston [28, 17 implies there is some constant P>2 so that if the generators of the 
Ni axe chosen to have length greater that B-i, then the filling G(N\, . . . , N m ) will 
be the (orbifold) fundamental group of a hyperbolic orbifold obtained by attaching 
orbifold solid tori to the boundary components of a compact core of M. Let B = 
max{_Bi, E>2}. 

For each Pi £ V we choose some cyclic Ni < Pi- For each i let rij £ Pi satisfy 
\ n i\s > B. There are at most finitely many conjugates P/ 1 , . . . P;* fc so that P* j flH 
is nonempty; for each such j, the group Pi tj n H is finite index in Pi tj . If there are 
no such conjugates, we choose N = (n^). Otherwise, we let Ni = (nf), where the 
power a £ N is chosen so that nf £ H tj for each j, and so \nf\s > B. 

With the N < Pi chosen as above, the TJ-fiHing G(N\, . . . ,N m ) is a compact 
hyperbolic 3-orbifold group. Let 7r : G — > G(AT 1; . . . , N m ) be the quotient map. By 
Theorem |4.4| n(H) is a quasiconvex subgroup of G(Ni, . . . ,N m ), not containing 
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7r(g). By assumption, compact hyperbolic 3-manifold groups (and thus compact 
hyperbolic 3-orbifold groups) are QCERF. There is therefore some finite group 
F, and some <j>: G(N u ...,N m ) -> F with <p(ic(g)) i <p(ir(H)). Since (f>(ir(H)) 
contains <j){Ti{Q)), we have separated g from Q in a finite quotient. □ 

Remark 5.4. No part of the proof of Proposition |5.3| rests in an essential way on 
the results in this paper or in [2] , but only on facts about hyperbolic 3-manifolds and 
3-orbifolds which could be deduced by geometric arguments, based on the Gromov- 
Thurston 2ir Theorem. On the other hand, Proposition |5.3| is a nice illustration of 
the general principle that a relatively hyperbolic group which can be approximated 
by QCERF Dchn fillings must itself be QCERF. 
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Appendix A. On the equivalence of definitions of quasiconvexity 

The current paper relies heavily on results about relatively quasiconvex sub- 
groups of relatively hyperbolic groups proved in the papers |22) and [2J. These 
papers unfortunately use different definitions of relative quasiconvexity, but we 
show in this appendix that the two definitions agree, at least for finitely generated 
subgroups. 

First, a few words about the literature. Dahmani [T2J and Osin [25] studied 
classes of subgroups of relatively hyperbolic groups which they called relatively qua- 
siconvex, intending to generalize the notion of quasiconvexity in hyperbolic groups. 
Dahmani's definition was a dynamical one, whereas Osin's was Definition |3.4| Osin's 
definition was used in [22] . Hruska in [TH] gave several definitions of relative quasi- 
convexity in the setting of countable (not necessarily finitely generated) relatively 
hyperbolic groups, including definitions based on Osin's and Dahmani's, and showed 
that they are equivalent. The authors of [2] were mainly interested in relatively 
hyperbolic structures on groups which were already hyperbolic, and used a defini- 
tion of relative quasiconvexity (based more closely on the usual metric notion of 
quasiconvexity) different from any of those in (TS] . The definition in [2\ applies only 
to a finitely generated subgroup of a finitely generated relatively hyperbolic group. 

Throughout this section G will be relatively hyperbolic, relative to a finite col- 
lection of subgroups V — {Pi, . . . , P n }, and S will be a finite generating set for G. 
The cusped space (recalled below) for G with respect to V and S will be denoted 
by X(G,'P, S), and d(-,-) will denote the path metric on the cusped space. In 
particular, we will not need the word metric on G, but only the metric induced by 
this path metric. For more detailed definitions and background on cusped spaces 
for relatively hyperbolic groups we refer the reader to [2] and |18| : we sketch the 
construction and recall some terminology here for the reader's convenience. 

Let A be a discrete metric space with metric p. The combinatorial horoball based 
on A is a graph H(A) with vertex set A x Z> , so that 

• (a, n) is connected by an edge to (a, n + 1) for any a £ A, and 
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• for n > 1, (a, n) is connected to (a',n) whenever p(a,a') < 2". 
Edges of the first type are called vertical; edges of the second type are called 
horizontal. We say that a vertex (a, n) of TiiA) has depth n. If A is a subset of a 
path metric space Y , we may attach a horoball to Y along A by gluing Acyto 
A x {0} C H(A), and taking the obvious path metric on the union. If G is finitely 
generated by S, we take Y to be the Cayley graph of G with respect to S; any subset 
of G inherits a discrete metric from the path metric on the Cayley graph. The cusped 
space X(G, V, S) is the space obtained by simultaneously attaching horoballs to Y 
along all left cosets tP for P G P. A vertex v of X(G, P, S) corresponds either to a 
group element, if it lies in the Cayley graph of G, or otherwise to a triple (tP, g, n) 
where tP is a left coset of an element of V, the element g lies in tP, and n > is the 
depth of v in the attached horoball H(tP). In what follows we do not distinguish 
between v and the corresponding group element or triple. 

The group G is relatively hyperbolic, relative to V, if and only if the space 
X(G,V, S) is Gromov hyperbolic (see for example jTH Theorem 3.25]). If so, then 
G acts on X(G, V, S) geometrically finitely^ meaning in particular: 

(1) Given any n > 0, let X n be the subset of X(G, V, S) obtained by deleting 
all vertices of height greater than n. Then G acts cocompactly on X n 
(which is an example of what Hruska calls a truncated space for the action 
of G on X{G,V,S)). 

(2) For fixed n, there are only finitely many components of of X(G, P, S) \ X n , 
up to the action of G. (The components of X(G,P, S) \ I„_i are called 
n-horoballs, for n > 1. If n is understood, we call them horoballs. A 0- 
horoball is a 1-neighborhood of a 1-horoball, and is equal to H(tP) for 
some coset tP of some P E P.) 

Relatively Quasiconvex Subgroups according to Agol Groves Manning. 

Suppose that H is a relatively hyperbolic group, and let T> — {D%, . . . , D m } be the 
peripheral subgroups of H and T a finite generating set for H. Let (f>: H — ► G be 
a homomorphism. If every 4>{Di) G T> is conjugate in G into some Pj € T 3 , we say 
that the map <$> respects the peripheral structure on H. 

Given such a map tf>, one can extend it to a map <p between zero-skeletons of 
cusped spaces in the following way: For each D t £ V, choose an element a € G (of 
minimal length) and some P h such that 0(A) C cP^c" 1 . For he H, 4>(h) = <j)(h). 
For a vertex (sZ)j, h, n) in a horoball of X(H,V,T), define 

^(sDi.h, n) = ((/)(s)c i Pj i , 4>(h)ci,n). 

Lemma A.l. [5J Lemma 3.1] Let 4>: H — > G be a homomorphism which respects 
the peripheral structure on H . The extension 4> defined above is H -equivariant and 
lipschitz. If <f) is infective, then 4> is proper. 

Recall that, for C > 0, a subset A of a geodesic metric space X is C -quasiconvex 
if every geodesic with endpoints in A lies in a C-neighborhood of A. The subset is 
quasiconvex if it is C-quasiconvex for some C . The following is a slight paraphrase 
of the definition from 0: 

Definition A.2. (QC-AGM) [21 Definition 3.11] Let G be as above, and let H < G 
be finitely generated by a set T. We say that H is ( QC-AGM) relatively quasiconvex 
in (G, V) if, for some finite collection of subgroups T> of H, 



Hruska uses the term "cofinitely." 
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(1) H is relatively hyperbolic, relative to T>, and 

(2) if t: H G is the inclusion, then the map I: X(H,V,Tf X(G,P, S)° 
described in Lemma | A. 1 1 has quasiconvex image. 

Relatively Quasiconvex Subgroups according to Hruska. The following def- 
inition is direct from Hruska [TS], where it is called QC-3. Hruska shows in [TS] 
that this definition is equivalent to several others, including our Definition |3.4| 



Definition A.3. (QC-H) US Definition 6.6] A subgroup H < G is (QC-H) rela- 
tively quasiconvex if the following holds. Let (X, p) be some (any) proper Gromov 
hyperbolic space on which (G, V) acts geometrically finitely. Let X — U be some 
(any) truncated space for G acting on X. For some (any) basepoint x € X — U 
there is a constant p > such that whenever c is a geodesic in X with endpoints 
in the orbit Hx, we have 

cD(X-U) CAf^Hx), 
where the neighborhood is taken with respect to the metric p on X. 



Remark A. 4. The meaning of "some (any)" in Definition A. 3 just means that the 
word "some" can be replaced by "any" without affecting which subgroups of G are 
(QC-H) relatively quasiconvex. Thus "Definition" |A.3 has some non-definitional 
content, established in 18, Proposition 7.5 and 7.6].) 

Definition A.5. Let A C X = X(G,V, S) be a horoball, and let R > 0. We say 
that a geodesic 7 penetrates the horoball A to depth R if there is a point p € 7 n A 
at distance at least R from X \ A. We say that A is R-penetrated by the subgroup 
H if there is a geodesic 7 with endpoints in H penetrates the horoball A to depth 
R. 

The goal of this subsection is to prove the following proposition. 

Proposition A. 6. Let H < G be (QC-H) relatively quasiconvex. Then there is a 
constant R — R(G, V, S, H), so that whenever a 0-horoball is R-penetrated by H, 
the intersection of H with the stabilizer of that horoball is infinite. 

Before the proof, we quote a proposition from [18 and prove two lemmas. 

Proposition A. 7. J8} Proposition 9.4] Let G have a proper, left invariant metric 
d, and suppose xH and yK are arbitrary left cosets of subgroups of G. For each 
constant L there is a constant LI ~ L'(G,d,xH,yK) so that in the metric space 
(G, d) we have 

N L {xH)C\N L {yK) C Ml^xHx- 1 n yKy- 1 ). 

Lemma A. 8. Let H be a (QC-H) relatively quasiconvex subgroup of G. Let A be 
a 0-horoball of X(G,V ', S), whose stabilizer is P for P € V . If A is R-penetrated 
by H for all R > 0, then HHP 1 is infinite. 

Proof. It suffices to show that, for every M > 0, there is some h in H n P* with 
d(l,h) > M. 



Let p, be the quasiconvexity constant of Definition A. 3 for H and the space X' 



which consists of all vertices in X(G,V, S) at depth 0. Let C be the constant given 



by Proposition A. 7 such that 

JV^(H) ntpc m c {h n tpr 1 ), 
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where the neighborhoods are taken in the cusped space. 

Suppose that 7 is a geodesic with endpoints in H which penetrates the horoball 
A to depth M + C. The first and last points of 7 n A are group elements, a and b, 
both in the coset tP. Since H is (QC-H) relatively quasiconvex, a and b are elements 



of Affj,(H) n tP and therefore (using Proposition A. 7 1 there are elements hi and h 



1 2 



in H n P* such that d(h u a) < C and d(h 2 ,b) < C. Since d(a, b) > 2(M + C), 

<f(l, ft7/%) = h 2 ) > 2(M + C) - 2C > 2M > M. □ 
Lemma A. 9. Let H be a (QC-H) relatively quasiconvex subgroup of G. Let fi be 



the quasiconvexity constant of Definition A. 3 for H and the space X' = Xq which 



is obtained from X(G,V,S) by deleting all vertices of positive depth. 

Let R > 0, and let A be a 0-horoball, stabilized by P for P G V . If A is 
R-penetrated by H, then there is a horoball A' so that 

(1) A' = hA for some h G H, 

(2) d(A', 1) < fi, and 

(3) A' is R-penetrated by H . 

Proof. Suppose that 7 is a geodesic with endpoints hi and h 2 in H which penetrates 
the horoball A to depth R. Let a and b be the first and last vertices of 'yd A. By (QC- 
H) relative quasiconvexity, there is some h G H so that d(a, h) < fi. The geodesic 
/i _1 7 goes between h~ x h 2 and h~ 1 h 2 , and penetrates the horoball A' = h^ 1 A to 
depth R. Moreover, 

d(l, A') < d(l, h~ l a) = d(a, h) < /z. □ 

Proof of Proposition \A.b^ Suppose there is no such number R. There must be a 
sequence of integers Ri —> 00 and a sequence of 0-horoballs {Aj}, so that, for each 
i, the horoball A, is i?i-penetrated by H, but the intersection of the stabilizer of 
Ai with H is finite. 

For h G H, the stabilizer of hAi is conjugate (by h) to the stabilizer of Aj. Using 



Lemma A. 9 we can therefore assume that d(l,Ai) < [i for each i. By passing 
to a subsequence, we can therefore assume that the sequence {Ai} is constant. It 
follows that A is i?i~penetrated by H for all i. Lemma [A.8| then implies that the 
intersection of H with the stabilizer of Aq is infinite, which is a contradiction. □ 

Equivalence of the two definitions. In this section, G will be a relatively hy- 
perbolic group, relative to a finite collection of subgroups V, and S will be a finite 
generating set for G. Let X(G,V,S) be the cusped space for G with respect to V 
and S, and let 5 be its hyperbolicity constant. 

Theorem A. 10. Let H be a finitely generated subgroup of G. Then H is (QC-H) 
relatively quasiconvex if and only if H is (QC-AGM) relatively quasiconvex. 

Proof. One direction is easy. Suppose that H < G is (QC-AGM) relatively qua- 
siconvex, generated by the finite set T, and with peripheral subgroups T>. Recall 
that to define I: X(H,T>,T)° — > X(G,V,S)°, an element c; G G was chosen for 
each Di G V so that Di c CiPj^J 1 . Let C — max{d(l, Cj) | Di G T>} : and let C q be 
the constant of quasiconvexity in the definition of (QC-AGM) quasiconvexity. As 
remarked at the beginning of the Appendix, the cusped space X = X{G, V,S) is 
acted on geometrically finitely by G, and the subspace X — U = Xq C X(G, V, S) 
obtained by deleting 1-horoballs is a truncated space for the action. Moreover, as 
explained in Remark |A.4[ it suffices to find a /i which works for this choice of X 
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and X — U, and for the fZ-orbit of 1 in X. Let x, y £ H, and let 7 be any geodesic 
joining them in X . Let z be a vertex of 7 contained in X . By (QC-AGM), there 
is some point w £ l(X(H,T),T) ) so that d(z,w) < C q . It follows that w £ Xc , 
but any point in l(H,T>. T) n Xc is at most C + C q away from some point in H. 
It follows that z is no further than [i :— C + 2C q from H, and so H is (QC-H) 
relatively quasiconvex. 

We now establish the other direction. Let H be a subgroup of G, and suppose 
that H is (QC-H) relatively quasiconvex. Let I? be a collection of representatives of 
the -ff-conjugacy classes of infinite maximal parabolic subgroups of H . By [TSJ The- 



orem 9.1], H is relatively hyperbolic, relative to T>. By Lemma A.l the inclusion 
l : H — > G extends to a lipschitz map of (O-skeletons of) cusped spaces 

I: X(H,T>,T)° — -> X(G,V,S)°. 

We need to prove that the image Y — l(X(H, T>, T)°) of I is quasiconvex. 

Let R be the constant provided by Proposition |A.6| for the subgroup H . Let 
X' = Xiqqs+r be the subspace of X(G,V, S) consisting of all vertices at depth at 
most 100(5 + R. Since H is (QC-H) relatively quasiconvex, there is a constant /i 
such that for any geodesic Q in X(G, V, S) with endpoints in H, 

CnX'cAf^H) cAf^Y), 

where the neighborhoods are taken with respect to the metric on X(G,V, S). 

Let x and y be vertices of Y and let 7 be a geodesic between them. We will show 
that the vertices of 7 are contained in the M-neighborhood of Y, where M is a 
constant independent of x, y, and 7. We divide the proof into five (not necessarily 
disjoint) cases. 

Case 1. The points x and y lie deeper than 106 in the same horoball. 

By recalling some easily verified properties of the geometry of horoballs, we will 
show that 7 is contained in the Mi-neighborhood of Y , where 

Mi = 6. 

To begin with, the 10i5-horoball containing x and y is convex (see [TH Lemma 
3.26]). Second, any geodesic with the same endpoints as 7 is Hausdorff distance 
at most 4 from 7. Finally, there is a geodesic 7' of a particularly nice form with 
the same endpoints as 7. The geodesic 7' is a regular geodesic, which means that 
all its edges are vertical, except for at most three consecutive horizontal edges at 
maximum depth (see [HI Lemma 3.10]). Since the vertical subsegments of 7' start 
at points in Y and are vertical, they stay in Y, and so 7' stays in a 2-neighborhood 
of Y. As 7 is contained in a 4-neighborhood of 7', we have 7 contained in a 
6-neighborhood of Y. 

Case 2. The points x and y are elements of H, they are in the neighborhood of 
radius n of a horoball H(tP), and the geodesic 7 penetrates the horoball H(tP) to 
depth larger than 100(5 + R. 

In this case, we will approximate 7 by a regular geodesic inside W(tP) with 
(possibly different) endpoints in Y . Without loss of generality, assume that x is the 
identity, and so d(l, t) < fi. 



By Proposition A. 6 the intersection HDP 1 is infinite. It follows that HDP 1 = D s 



for some D £ V and s £ H. We claim s can be chosen so that d(l, s) < K for a 
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constant K independent of x, y, and 7. Indeed, we observe that the set 

W = {(r, P) £ G x V I d(l, r) < //, n P r ) = 00} 

is finite. For each w = (r, P) £ W choose u w £ H so that H P\ P r = D u for some 
D £T>; we let -ftT be the maximum of d(l, u w ) over all it) £ W . 

We further claim that there is an element y' £ H n P* such that d(y,y') < L, 
for a constant L independent of x, y, and 7. Indeed, for each w = (r, P) in the set 
W defined above, Proposition |A.7| implies we can find an L w > so that 

HnAT^rP) C Af Lw (H HP''); 

we let L be the maximum L w over all w £ W. 

Recall that to define I: X(H,V,T)° — ► X(G,V, S)°, an element c % £ G was 
chosen for each Di £ V so that Di C CiPj^ 1 . Let 

(5) C = max{d(l, c,) | D t £ V}. 

The subgroup D is equal to Z)j for some i, and we set c = Cj for the same i. 

Consider the elements (sD,s, 108) and (sD, y's, 106) of X(H,T>,T) and their 
corresponding images in Y given by (scP,sc, 103) and (scP,y'sc, 106). The points 
(scP, sc, 10(5) and (scP, y'sc, 108) belong to the same 10<5-horoball, which is convex 
in X(G,V, S), as we noted in Case[TJ Also as noted in CaseJTJ there is a regular 
geodesic 7' joining the points (scP, sc, 108) and (scP, y 1 sc, 105); since the endpoints 
lie in Y , the geodesic 7' is contained in the 2-neighborhood of Y. 

On the other hand, the endpoints of the geodesies 7 and 7' are close, namely, 

d(l, {scP, sc, 105)) < d(l, s) + d{l, c) + 105<K + C+ 105, 

and 

d(y, {scP, y'sc, 105)) < d{y, y') + d{y , {scP, y ' sc, 106)) <L + K + C+ 106. 

Since X[G,V, S) is 5-hyperbolic, the Hausdorff distance between 7' and 7 is at 
most the distance between endpoints plus 26. Thus if 

M 2 = 26 + K + L + C+ 108, 

then 7 is contained in the M2 -neighborhood of Y. This completes this case. 

Case 3. Suppose x and y are elements of H. 

We split 7 into subsegments 71,72, • • ■ ,1k such that no ji contains any group 
clement (depth vertex) in its interior, but the endpoints of each 7.; are group 
elements. Observe that each 7$ is either a single edge or a geodesic segment con- 
tained in a 0-horoball. Furthermore, since H is (QC-H) relatively quasiconvex, the 
endpoints of each 7^ are contained in the /i-neighborhood of H. We claim that each 
7i is contained in the M3-neighborhood of Y, where 

M 3 = 1105 + R + 3fi + 2 + M 2 . 

If 7^ is an edge, then the claim is immediate, so we suppose 7^ is contained in a 
0-horoball A. First, suppose 7, does not penetrate A to depth 110(5 + R + 2fx. An 
easy argument shows that the length of a geodesic in a combinatorial horoball is at 
most twice its maximum depth plus 4, so we have \%\ < 2205 + 2R + 2/z + 4, and 7, 
is therefore contained in the (110(5 + R + 3/x + 2)-neighborhood of H . In particular, 
7, is contained in Af3-neighborhood of Y . 

Suppose on the other hand that ji penetrates the horoball A to depth 110(5 + 
R + 2/i. Let hi and h 2 be elements of H which are at distance at most fj, from 
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the endpoints of 7j, and let a be a geodesic between them. Since X(G,V, S) is 
(5-hyperbolic, the Hausdorff distance between 7^ and a is at most 26 + /i. It follows 
that a penetrates the horoball A to depth 100(5 + R + /i, and hence it satisfies the 
condition of Case[2j Therefore, 7$ is in the (2(5 + /j + Af2)-neighborhood (and hence 
in the M3-neighborhood) of Y. 

Case 4. Suppose x and y lie at depth no more than 505 in X(G, V, S). 

If x G Y lies in a 1-horoball, then x — (tP,hci,n) for some P G "P, some 
h G -ff, some i G {l,...,m}, and some n < 506; otherwise, x € H. In any 
case, there is an element hi G H such that d(x,hi) < 506 + C, where C is the 
constant defined in By the same argument, there is an element h% G H such 
that d(x, /12) < 506 + C. Since X(G,V, S) is 5-hyperbolic, the Hausdorff distance 
between 7 and any geodesic 7' between hi and /12 is at most 526 + C. We may 
apply Case [3] to 7', and deduce that 7 is contained in the M4-neighborhood of Y, 
where 

M 4 = 526 + C + M 3 . 

Case 5. Suppose either x or y lies inside a 50<5-horoball, but we are not in Case 1. 

Here we follow the proof of the last case of Proposition 3.12]. If x or y lies in a 
horoball, it is connected by a vertical path to a point in the right coset Ha at depth 
in X(G,V, S). It is therefore possible to modify 7 (by appending and deleting 
(mostly) vertical paths lying in a 3-neighborhood of Y) to a 10<5-local geodesic 7' 
with endpoints within C of H\ the geodesic 7 is contained in a 3-neighborhood of 
7' U Y. By III. H. 1.13(3)], 7' is a (X, 2)-quasi-geodesic. Since quasi-geodesics 
track geodesies, there is a constant Lq depending only on 6 and C, and a geodesic 
7" with endpoints in H such that the Hausdorff distance between 7' and 7" is at 
most Lq. By Case[3j 7" is contained in the M 2 -neighborhood of Y. Let 

M 5 = 3 + Lq + M 2 , 

and observe that 7 is contained in the M5 -neighborhood of F. 

Finally, we set M — max{Mi, . . . , M5}, and note that M does not depend on 
the vertices x and y of Y, or on the geodesic 7 joining them. It follows that 
Y = l(X(H,V,T)°) is M-quasiconvex in X(H,T>,T), and so H is (QC-AGM) 
relatively quasiconvex in (G,V). □ 

Applying the main result of Hruska |18) on the equivalence of various definitions 



of relative quasiconvexity (our Definition 3.4 is Hruska's (QC-5), and our Definition 



A. 3 (QC-H) is Hruska's (QC-3)), we obtain the following useful fact. 



Corollary A. 11. Let G be relatively hyperbolic, relative to V , and let H be a 

finitely generated subgroup of G. The following are equivalent: 



(1) H is a relatively quasiconvex subgroup of G, in the sense of Definition 3.4 



(2) H is a relatively quasiconvex subgroup of G, in the sense of Definition A. 2 

Appendix B. On extending the main result in the presence of torsion 
In this section, we give some idea of the changes necessary to prove Theorem 



1.9 (and therefore Theorem 1.2) in the presence of torsion. In this section, G is 
a relatively hyperbolic group, hyperbolic relative to a finite collection V of LERF 
and slender subgroups, and H is some relatively quasiconvex subgroup of G. 
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The main difference is that we must deal with the possibility that our relatively 
quasiconvex subgroup has finite but non-trivial maximal parabolic subgroups. Since 
a finite subgroup of a relatively hyperbolic group, may intersect arbitrary collections 
of parabolic subgroups, we have to ignore these intersections. This is already han- 
dled in the arguments of Section [3] by only amalgamating with parabolic subgroups 
which have infinite intersection with H to obtain the fully quasiconvex subgroup 
Q. 

In Section |4j it is necessary to modify the definition of iJ-filling as follows: 

Definition B.l. (Alternate definition in the presence of torsion.) Let H be a 
relatively quasiconvex subgroup of G. A filling G — > G(N\, . . . , N m ) is an H- 
filling if whenever H fl Pf is infinite, Nf C Pf PI H. 

With the new definition, we must check that the results from [5J Section 4.2] still 
hold. (We do not know how to prove the result about height from Section 4.3 of [2] 
in this more general setting, but we do not need it for our argument.) Examining 
the proofs from [2], the reader may check that it suffices to extend the technical [2, 
Lemma 4.2]. 

We sketch how to do so briefly, for the experts: In [21 Lemma 4.2], the hypothesis 
of an iif-filling is used to deduce the existence of a nontrivial element of H which 
is also in a conjugate of a filling kernel fixing a certain horoball from the fact that 
a geodesic between elements of H penetrates that horoball deeply. The heart of 
the argument is showing that if the geodesic penetrates the horoball deeply, the 
intersection of H with the horoball stabilizer is infinite. In the torsion-free setting, 
it suffices to show that the intersection is nontrivial. The proof in the presence 
of torsion is given in the previous appendix as |A.6| With this proposition, one 
can prove the extended version of [21 Lemma 4.2] in a straightforward manner, 
choosing slightly different constants to take the constant R from Proposition |A.6| 
into account. 

The proofs of Propositions 4.3 and 4.5 of [2] go through in exactly the same 



way, and we obtain the same statement as Theorem 4.4 above, but with the new 
meaning of iJ-filling. Using Osin's Dchn filling result in place of Theorem 4.2 the 
rest of the proof of Theorem |1.9| goes through as written, with the exception that 
each mention of a condition of the form "A n B ^ {1}" for A and B subgroups of 
G should be replaced by "A n B is infinite" . 
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